Reconstruction of density functions and their characteristic functions by radial basis functions with scattered data points is a popular topic in the theory of pricing of basket options.
using algebraic polynomials and ingnoring their analytic smoothness. Of course, such approach can not produce effective and saturation free algorithms.
In this article we present a different approach. The values of a given characteristic function can be computed on a rectangular mesh which allows us to solve the respective interpolation problem explicitly under very general conditions on the kernel function. Then we calculate explicitly Fourier transform of such interpolant to obtain an approximant for the density function.
Introduction
Consider a frictionless market with no arbitrage opportunities and a constant riskless interest rate r > 0. Let S j,t , 1 ≤ j ≤ n, t ≥ 0, be n asset price processes. The common spread option with maturity T > 0 and strike K ≥ 0 is the contract that pays S 1,T − n j=2 S j,T − K + at time T , where (a) + := max {a, 0}. There is a wide range of such options traded across different sectors of financial markets. For instance, the crack spread and crush spread options in the commodity markets [13] , [15] , credit spread options in the fixed income markets, index spread options in the equity markets [2] and the spark (fuel/electricity) spread options in the energy markets [1] , [14] .
Assuming the existence of a risk-neutral equivalent martingale measure Q we get the following pricing formula for the value at time 0,
where ϕ is a reward function and the expectation is taken with respect to the equivalent martingale measure. Usually, the reward function has a simple structure, hence the main problem is to approximate properly the respective density function and then to approximate E Q [ϕ]. Let x = (x 1 , · · ·, x n ) and y = (y 1 , · · ·, y n ) be two vectors in R n , x, y := n k=1 x k y k be the usual scalar product and |x|
and its formal inverse as
The characteristic function of the distribution of X t of any Lévy process can be represented in the form
is the density function of X t , x ∈ R n , t ∈ R + and the function ψ Q (x) is uniquely determined. This function is called the characteristic exponent. Vice versa, a Lévy process X = {X t } t∈R + is determined uniquely by its characteristic exponent ψ Q (x). In particular, density function p Q t can be expressed as
where Φ Q (x,t) is the characteristic function of X = {X t } t∈R + . Let Λ := {x k } be an additive group of lattice points in R n and K (·) be a fixed kernel function (The reader should't mix the strike price K with the kernel function K (·)). Assume that the interpolant
for Φ Q (x,t) exists and unique. Then, formally, we get
In what follows we give an explicit form of c k Φ Q (x k ,t) and F (K (x − x k )) (·) which will give us an approximant for the density function p Q t . Remark that in many important cases the coefficients c k Φ Q (x k ,t) decay exponentially fast as |k| → ∞.
Let us consider in more details the problem of interpolation in R n . Let f be a continuous function on R n , f ∈ C (R n ) and
Of course, it is very difficult (or in general impossible) to get an explicit solution of the interpolation problem. But, if we assume some regularity condition on the data points {x k } it is still possible to solve the interpolation system. We give here an explicit solution of the interpolation problem in the case of a uniform mesh on R n . Let L p (R n ) be the usual space of p-integrable functions equipped with the norm
To justify an inversion formula we will need celebrated Planchrel's theorem.
The inverse Fourier transform, F −1 , can be obtained by letting
for any g ∈ L 2 (R n ) . Let us describe first the one-dimensional situation on T 1 . For a given m ∈ N let Λ m = {0 = x 0 < · · · < x n−1 < x m = 2π} be an arbitrary partition of [0, 2π) and K be a continuous function. Then
Denote by SK(Λ m ) the space of sk-splines, i.e.
SK(Λ
See [7] for more information. Let y ∈ R be a fixed parameter and y k = y +x k , 1 ≤ k ≤ m be the points of interpolation. If the interpolation problem has a unique solution then the spline interpolant sk(x, y, Λ m , f ) = sk(x, f ) with knots x k , 1 ≤ k ≤ m and points of interpolation y k can be written in the form
are the fundamental sk-splines. It is important in various applications to have an explicit form of the Fourier series expansions for the fundamental sk-splines. As a motivating example consider sk-splines on the uniform greed Λ m = {x k = 2π/m, 1 ≤ k ≤ m}, with the points of interpolation y 1 , · · · , y m where y ∈ R is a fixed parameter,
In this case fundamental splines are just the shifts ofsk(·), wherẽ
Let, in particular,
be the Bernoulli monospline. Then the space SK(Λ m ) is the space of polynomial splines of order r − 1, defect 1with knots x k , 1 ≤ k ≤ m and points of interpolation y k , 1 ≤ k ≤ m. First Fourier series expansions of fundamental splines have been obtained by Golomb [3] in the case r = 4, and y = 0, i.e. in the case of cubic splines. It was shown thats
In the case of a general kernel function K ∈ C (T 1 ) and an arbitrary y ∈ R the respective results were established in [7] . Namely, it was shown that
, where
Of course, to guarantee existence of fundamental splines for a given y we need to assume that max{ρ
A detailed study of such kind of conditions in terms of Fourier coefficients of the kernel function K can be found in [7] , [5] Different analogs of these results in multidimensional settings, on T d can be found in [4] , [8] , [12] . Remark that the problem of convergence of sk-spline interpolants and quasi-interpolants was considered in [6] , [9] , [12] , [10] , [11] where it was shown that the rate of convergence of sk-splines has the same order as the respective n-widths.
The main aim of this article is to establish representations of cardinal sksplines on a uniform mesh in R n and to apply these results to the problem of recovery of density functions which are important in the theory of pricing.
2 Interpolation by sk-splines on R n Let a = (a 1 , · · ·, a n ), a k > 0, 1 ≤ k ≤ n be a fixed mesh parameter m = (m 1 , · · ·, m n ) ∈ Z n and Ω a := {(a 1 m 1 , · · ·, a n m n ) |m ∈Z n } ⊂ R n be a mesh in R n . Let A := diag (a 1 , · · ·, a n ), then the mesh points are x m := Am T . For a fixed continuous kernel function K, the space SK (Ω a ) of sk-splines on Ω a is the space of functions representable in the form
where c m ∈ R. Let f (x) be a continuous function, f : R n → R. Consider the problem of interpolation
Even in the one-dimensional case the problem of interpolation not always has a solution. If the solution exists then sk-spline interpolant can be written in the form
where sk (x − x m ) are fundamental sk-splines, i.e.
where
, and the function 1 m∈Z n F (K) (z+2πA −1 m T ) can be represented by its Fourier series, i.e. for any z ∈R n ,
and this representation is unique. Proof Since 1
n 2πQa
Finally, we need to show that the representation of fundamental sk−spline is unique. It is sufficient to show that the functions sk (x − x m ) , x m ∈ Ω a are linearly independent. Let a m ∈ R, m ∈Z n be such that not all a m are zero. Let, in particular, a s = 0 for some s ∈Z n . Consider a linear operator,
which is a contradiction.
Theorem 3 In the assumptions of Theorem 2 
Hence, in this case det (A) F (K) (z) (2π) 
